The discrepancy between the classical grain growth law in high purity metals (grain size D / t 1=2 ) and experimental measurements has long been a subject of debate. It is generally believed that a time growth exponent less than 1/2 is due to small amounts of impurity atoms in solid solution even in high purity metals. The present authors have recently developed a new approach to solute drag based on solute pinning of grain boundaries, which turns out to be mathematically simpler than the classic theory for solute drag. This new approach has been combined with a simple parametric law for the growth of the mean grain size to simulate the growth kinetics in dilute solid solution metals. Experimental grain growth curves in the cases of aluminum, iron, and lead containing small amounts of impurities have been well accounted for.
I. INTRODUCTION
GRAIN growth in crystalline solids occurs by the migration of grain boundaries, where the excess free energy of the boundary structure generates the driving pressure. [1, 2] During normal grain growth, the microstructure changes in a uniform way, there is a narrow range of grain sizes and shapes, and the form of the grain size distribution is independent of time and hence on scale. In pure metals and stable solid solution alloys, the kinetics of normal grain growth during isothermal annealing is in general well described by the following empirical equation:
where D and D 0 are the instantaneous and the initial average grain sizes, respectively; t is the isothermal annealing time; and K a parameter depending on material and temperature, and the exponent n, which also varies with material and temperature, is usually referred to as the grain growth exponent. It follows from the classical treatment by Burke and Turnbull [2] that n = 2. However, in high purity metals and solid solution alloys, n is usually found to be larger than 2 as illustrated by the results shown in Figures 1 and 2 , taken from Gordon and El-Bassyouni [3] and Hu [4] on high purity aluminum and zone-refined iron, respectively. In the work by Beck et al. [5] on aluminum n-values in the range from 3 to 18 were reported. For a review, see Humphreys and Hatherly. [6] No generally accepted theory has been developed which accounts for n being larger than 2, but a common belief is that non-linear dependence of velocity on driving pressure due to solute effects is the main cause for this phenomenon. The classical solute-drag theory established by Cahn [7] and Lu¨cke and Stu¨we [8, 9] is of little help in this context (this theory will be referred in following as the CLS theory). In the extremes, i.e., in situations of breakaway or loaded boundaries, it follows that n should be equal to 2. Only in the unstable situation in-between these extremes, deviation in n-values from 2 can be expected. The solute-drag theory, however, has not been developed to a level which makes it possible to predict the relevant n-values in this region of solute-boundary instability. However, the new statistical solute-pinning approach to the effect of solute atoms on boundary migration recently developed by the present authors, [10] and extended to the effect of multiple components highly diluted in solid solution, [11] is both physically and mathematically more transparent, which opens for a theoretical analysis of grain growth kinetics in dilute solid solutions.
II. MODELING GRAIN GROWTH KINETICS
The simulation of the grain microstructure evolution by phase-field methods looks very promising. [12] [13] [14] [15] [16] Each grain is characterized by a continuous-phase variable whose value is ranging from 0 outside the grain to 1 inside and whose evolution is described by the physical phenomena to be simulated. It has been shown recently by Gro¨nhagen et al. [14] and Kim et al. [15] that solute drag could be taken into account in a manner consistent with the CLS theory by introducing a concentration dependence in the double-well potential in the Gibbs energy expression. Solute drag in non-steady-state conditions (the CLS theory assumes stationary conditions) and abnormal grain growth induced by solute drag have been studied, respectively, in Reference 16 and in Reference 15 with the help of this approach. However, this procedure is computer intensive and as an alternative, it is suggested here to treat grain growth in a simple parametric way, the objective being to define a computational procedure for predicting the time dependence of the average grain size during annealing of a polycrystalline solute containing metal at a constant temperature. It is simply assumed that the growth rate of the average grain size, D, during isothermal annealing at a temperature T will follow a relationship of the form
where a is a geometric factor depending upon the shape of the grain and v b c; T; P ð Þis the steady-state migration rate of a grain boundary acted upon by a pressure P in a material containing a solute concentration c. In simplistic terms, a can be set equal to 2 as grain boundaries move apart by v b dt. However, the exact value of a is of no consequence since in the present modeling work, a becomes a trivial fitting parameter. In a grain growth situation, the driving pressure is assumed to be well represented by P ¼ 2c GB =r; where c GB is the specific grain boundary energy and r is the grain radius (r ¼ D=2). An expression for the boundary migration rate can be found in the solutepinning analysis referred to above, [10] and a brief summary of some salient ideas in this approach seems necessary in this context. Further, this summary will also include the equations required in the simulations below.
A. The Solute-Pinning Approach
The migration rate of a high-angle grain boundary in a pure metal at a temperature, T, is commonly given by an expression in the following form [17] :
In this equation, m is the boundary mobility, C p is a constant, b is a typical inter-atomic spacing (Burger's vector), m D is the Debye frequency, k is Boltzmann's constant, and U SB b is an activation energy associated with boundary migration. This activation energy is typically found to have a value half that of self-diffusion.
If solute atoms are added to the metal, then the situation will change. The present treatment assumes a boundary region potential for the boundary-solute interaction as schematically outlined in Figure 3(a) 
and U(x) = 0 for all other values of x, where x(t) is the instantaneous position of the boundary and k is its thickness. Outside the boundary region, thermal activation of the solute atoms is associated with an energy U s (i.e., that of solute bulk diffusion). With this energy profile, it follows that in the static case, Figure 3(a) , the solute atom concentration in the boundary of a material with a solute concentration c will be given by
If a pressure acts on the boundary, then the boundary may start to migrate and the boundary concentration c b will change. In the present solute-pinning approach, the basic idea is that the effect of the solute atoms on the boundary migration rate will be determined by the rate at which such atoms are activated out of the boundary region. The pressure P, driving the boundary, results in a cusping force F C (Figure 3(b) ) on each solute atom which reduces the activation barrier out of the boundary by F C b; as illustrated by the energy profile in Figure 3(b) . Sometime after the pressure P has been applied, a steady-state boundary-solute concentration c b will be established, to which corresponds a steadystate boundary migration rate v b . The statistical treat- Table I ; data redrawn from Ref. [3] ). The exponent n averages about 3.4 for the different curves, except for the 590 K (317°C) curve for which the exponent n equals 5.8. ment in Reference 10, balancing thermally activated jump-fluxes into and out of the boundary of the solute, gives the following expressions for the migration rate and boundary-solute concentration
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In order to achieve a complete solution of these equations, an expression for the pinning force F C is needed, or more exactly for the ratio
kT . Fortunately, it is possible to calculate this force because an alternative expression to Eq. [5] for the migration rate can be formulated, and by having two independent relationships for the same migration rate, the pinning force problem can be solved. This second expression for the boundary speed is obtained by considering a boundary subjected to a driving pressure P and which also experiences a restraining pressure
Þis the unit area per boundary atom and n b is the number of atoms per unit volume in the boundary. In-between these restraining points, the boundary is free of solute atoms with a mobility, m, typical of that of a pure metal, Eq. [3] , and it follows that the boundary migration rate also can be written as
By equating the two expressions for the boundary migration rate, Eqs. [5] and [7] , and by replacing m by its expression (Eq. [3] ), the pinning force is obtained. Unfortunately, it is not possible to give this force in terms of an analytical expression, only an implicit expression can be given as
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However, by numerical treatments, it becomes possible to calculate Fðc; P; TÞ; c b ðc; P; TÞ and v b ðc; P; TÞ for any given combination of material specific parameters n; b; c; C p; C s; U b SD ; U 0 ; and U s ; for more detail, see Reference 10.
B. Generic Model Predictions
A typical grain growth evolution in a generic solid solution alloy is illustrated in Figure 4 . The metal considered is assumed to have a grain boundary energy c GB of the magnitude 0.5 J/m 2 , an atomic spacing b equal to 3 Å (typical values in metals), and a solute content of 1 ppm. The atomic density n is estimated as 1 b 3 . The values of the others parameters needed for the simulations are summarized in Table II under the Case A. As illustrated in Figure 4 , the grain growth reaction during isothermal annealing can be divided into three stages: (i) An impurity independent regime characterized by conditions where F C b=kT ) 1 (or breakaway situation). During this period, the time exponent n is nearly equal to 2. (ii) A transition regime during which the growth rate is reduced. The time exponent is larger or much larger than 2. (iii) A final third stage where grain growth has caused a reduction in driving pressure so that F C b=kT ( 1 (the boundary is fully loaded), and thus the time exponent n again approaches a value close to 2.
For different values of the interaction energy U 0 , grain boundary migration and grain growth rates have been calculated, Figures 5(a) and (b): The steady-state boundary migration rate (under constant driving pressure P) as a function of solute concentration is illustrated qualitatively in Figure 5 (a); grain growth during isothermal annealing at 773 K (500°C) with a solute content of 1 ppm is illustrated in Figure 5 (b). One can note that for values of U 0 larger than some critical level, the v b vs c curves become S-shaped as illustrated by the broken lines in Figure 5(a) . A similar behavior is predicted also by the CLS theory and is there interpreted as an instability phenomenon associated with either breakaway or loading. The physics behind this peculiar behavior is more transparent in the solute-pinning treatment where the breakaway/loading phenomenon is reduced to a well-defined discontinuity (fully drawn lines), the reason for which is argued for in free energy terms. In contrast to the CLS theory, a strong solutepinning effect may prevail even in cases where the interaction energy U 0 = 0. It appears as intuitively obvious that in cases where the activation energy for solute diffusion in the boundary is significantly different from that of boundary self-diffusion, the solute atoms will disturb the solvent redistribution pattern and restrict boundary migration even if the ''long range'' elastic interaction is negligible. A similar U 0 -effect is found in the model by Westengen and Ryum. [18] The abrupt drops in boundary velocity for interaction energies above a critical level in Figure 5 (a) reappear as plateaus in the growth rates in Figure 5 (b). Figure 5 (c) illustrates how these curves change in shape with changes in temperature, where the three different stages outlined in Figure 4 can easily be observed especially at the highest temperatures.
III. APPLICATIONS
Grain growth in a zone-refined iron has been studied by Hu [4] (Figure 2 ). The material used for this study is a 99.99 pct pure iron containing as impurity C, O, and N amounted to about 30 ppm, and the other impurities being mainly Si, Co, Cr, and Ni. As non-metallic impurities diffuse much faster than metallic impurities, it is expected that only the latter ones can influence the grain growth. Unfortunately, our model is not yet developed to the point where it can take into account the influence of the different impurities, where only the influence of the total amount can be described. The total level of impurity c is, as a best guess, taken as 70 ppm. The activation energy for diffusion U s of metallic impurities in a-iron ranges from 226 kJ/mol for Co to 358 kJ/mol for Ni, [19] so 250 kJ/mol is taken as a representative value of this range in this work. Grain boundary energy is generally deduced from zero-creep experiments: one typical set up is to suspend a mass to a thin wire of the studied material put in a furnace and to record the strain rate. From different experiments, it is then possible to extrapolate the mass that gives a zero strain rate, and thus estimate the grain boundary energy. To get relevant values, it is necessary to carry out the experiments at high enough temperatures in order to assume that the grain boundary energy is independent of the area: dc GB =dA ¼ 0, i.e., that atomic diffusion is rapid enough to adapt for the increase or decrease of the grain boundary area. Thus, it seems that it is not possible with this method to estimate experimentally the grain boundary energy of a-Fe due to the allomorphic transformation of iron a fi c at 1185 K (912°C). Only theoretical values by atomistic simulations seem available. Values have been computed for different configurations of grain boundaries and ranges typically from 0.8 to 1.4 J/m 2 . [20] [21] [22] In the present work, we have used an average value of 1.0 J/m 2 . The activation energy for boundary migration is often close to that for solvent diffusion in grain boundary (p. 135 in Reference 6), which in the case of a-Fe equals 174 kJ/mol. A value of 167 kJ/mol has been adopted for activation energy for boundary migration in a-Fe in the present work. Finally, the value of C s is adjusted so that the simulation results match as closely as possible the experimental ones. The values of the other parameters needed for the simulations are reported in Table II under the Case B.
As illustrated in Figure 6 , the experimental observations are well accounted for by the present model.
A. Grain Growth in High Purity Aluminum and the Effects of Iron and Manganese in Solid Solution
Many studies over the years have focused on grain growth in dilute aluminum solid solutions, and of particular interest, in this context has been the effect of small quantities of iron and manganese on grain growth kinetics. [3, 5, [23] [24] [25] [26] An important work in this connection is that by Boutin who carried out a systematic study of the effects of different elements on boundary migration in commercial high purity aluminum (99.99 pct Al) and showed that the migration rate is mainly determined by the iron content, while most other elements,* with the exception of beryllium and zirconium, do have no or limited effect. [24] Boutin, however, studied the migration of grain boundaries during primary recrystallization which implies that only qualitative predictions can be drawn from his work regarding the effect of various elements in solid solution on grain growth.
To simulate the effect of Fe on the boundary migration rate during grain growth in high purity aluminum in particular, it is essential that the iron concentration in solid solution could be assumed constant during the different isothermal treatments, which limits the iron content to a few ppm as iron have a very low solubility in aluminum, typically less than 1 ppm. For example, Boutin in his work [24] observed precipitation of Al 3 Fe in his commercial high purity aluminum *The effect of the following elements was studied by Boutin in Reference 24: Be, Mg, Si, Ca, Co, Ni, Cu, Zn, Ga, In, Bi, Ti, V, Cr, Nb, Mo, Hf, Ta, W, Zr. which contained about 10 ppm Fe. This observation limits the choice of works to those concerning zonerefined aluminum. In the present work, we therefore focus our attention on the experimental results reported by Gordon and El-Bassyouni, [3] who studied grain growth in both zone-refined aluminum and zone-refined aluminum containing various additions of copper in the range of 4 to 400 ppm. In the pure zone-refined variant, a surprising observation was a nearly complete stagnation in grain growth below 486 K (213°C). Another interesting observation was that in the copper containing variants, the copper additions apparently had only marginal effect on grain growth kinetics. Accordingly, these variants also lend themselves to analyzing the effects of the reported iron and manganese contents on grain growth kinetics in these variants. Finally, an interesting objective becomes to investigate if the absence of any copper effect on grain growth is consistent with modeling predictions.
Zone-refined aluminum
The quality investigated by Gordon and El-Bassyouni contained in total about 3.5 ppm of detectable trace elements whose composition is reported in Table I . It is not expected that Si or Ti can influence grain growth kinetics, the former because of a too high diffusion coefficient and the latter because of a too low one. One could note that the zone-refined aluminum contained as high as 0.44 ppm Mn. The effect of Mn in solid solution on mechanical properties and recrystallization in aluminum is similar to or may even be stronger than that of Fe, as reported by Ryen et al., [27] Furu, [28] and Nes and Furu. [29] Moreover, the mass-spectrograph analysis of Gordon and El-Bassyouni [3] was reported to be accurate only to a factor of about 2 to 3. So for the present calculations, it has been decided to take the level Mn equal to be 1 ppm. The activation energy for solute diffusion for Mn was taken equal to 220 kJ/mol, which is a slightly larger value than the one assessed by Du et al. in Reference 30. The interaction energy U 0 was estimated as suggested by Lu¨cke and Detert [23] as the interfacial energy c GB times the area of one atom Table II under the case C. In the temperature range investigated, a near stagnation of growth is predicted, which corresponds well to the experimental observations, see Figure 7 .
2. Zone-refined aluminum containing copper That even additions as high as 400 ppm of Cu have only a minor effect on the grain growth, kinetics is clearly demonstrated by the experimental data outlined in Figure 8 , where grain growth curves for a zone-refined aluminum containing 400 ppm Cu can hardly be distinguished from those for a zone-refined aluminum with 4 ppm copper at least for temperatures below 723 K (450°C). This lack of a copper effect can also be revealed in modeling terms as illustrated by the set of lines representing model predictions of grain growth in a binary Al-400 ppm Cu alloy at temperatures similar to those given in Figure 9 for the experiments and with a corresponding initial grain size of 50 lm. These lines have been generated based on data derived from the detailed experimental analysis of the effect of copper on grain The data are taken from Table II in Ref. [3] . Table II boundary migration in aluminum by Gordon and Vandermeer [31] and the model analysis of these data by the present authors. [10] The values of the different parameters are reported in Table II under the Case D. It should be noted that in the former analysis, a fitting parameter j was introduced in order to reproduce correctly the variations of the boundary migration rate with the amount of copper obtained by Gordon and Vandermeer. As to estimate the influence of copper on grain growth evolution, this parameter has been reintroduced in Eq. [7] . For all temperatures analyzed, the model curves reflect fully loaded conditions (n = 2) and growth rates more than an order of magnitude larger than corresponding experimental ones. In this way, the modeling results underscore the conclusion drawn from the experimental results that any copper effect can be ignored. The addition of copper, however, brings with it some iron and manganese (Table I) , and it follows that in the modeling of the grain growth evolution in the copper containing variants, focus should be directed toward their effects, even if present only in minute quantities.
The activation energy for iron covers a similar range to that given here for manganese, [30] and it follows that within the framework of the present model, the drag effect due to these two types of solutes in aluminum could not be distinguished from each other. So, the activation energy for Fe/Mn diffusion in aluminum was taken as mentioned earlier equal to U s = 220 kJ/mol, and the iron and manganese content in solid solution has been estimated to be 3 ppm. The values of the other parameters needed for the simulations are given in Table II under the Case E. The model correctly predicts nearly straight lines within the range of observations and with n-values within the experimental scatter, see Figure 10 . Yet, it should be noted that the model curves slightly deviates upward for the temperatures 590 K to 638 K (317°C to 365°C). Moreover, it fails in the prediction of the 563 K (290°C) results. The experimental observations are lower than expected from the trend resulting from the observations from the other temperatures. It may be, as suggested by Saimoto and Jin, [26] that at this low temperature, the growth kinetics may be influenced by precipitation. All in all, the simulated grain growth evolutions are fairly well in agreement with those observed.
B. Grain Growth in Zone-Refined Lead
Detailed surveys of grain growth in zone-refined lead have been conducted by Bolling and Winegard [32, 33] and by Drolet and Galibois. [34, 35] The material used presents a very high purity; it was estimated as being at least 99.9999 pct pure. Even in such a pure material, the time exponent n was not measured equal to 2, although it was quite close, i.e., 2.5. Moreover, for annealing times larger than~200 seconds, a decrease in the growth rate The experimental points are obtained using a zone-refined aluminum, which has been added 4 ppm Cu. [3] The simulated curves are obtained by considering that iron and manganese are more potent in slowing grain growth than copper and in a total amount of 3 ppm and D 0 = 50 lm.
was observed (Figure 11 ). Grey and Higgins [36] interpreted this decrease as a manifestation of a velocityindependent component in the solute drag, maybe due to solute clustering. However, the origin of this component is still unclear, so the original hypothesis, i.e., that this decrease corresponds to a transition behavior from the solute independent regime to the solute dependent regime, [34, 35] was reassessed using our model. The activation energy of the mobility of high-angle boundaries U b SD was taken as 25 kJ/mol [37, 38] and the grain boundary energy c GB as 0.2 J/m 2 . [39] As very pure lead tends to recrystallize at room temperature, the initial grain size D 0 could only be guessed and was taken equal to 200 lm. Experimental observations can be well matched by simulated curves (Figure 11 ) by taking a solute concentration of 0.14 ppm and an activation energy for solute diffusion U s of 180 kJ/mol; the other parameters necessary for the simulations are reported in Table II under Case F. Such a low level of solute is in agreement with the fact that the lead was zone refined. However, such high activation energy for solute diffusion in lead is quite uncommon. It is reported in Reference 40 that the activation energy for solute diffusion does not exceed~120 kJ/mol (the tracer impurity diffusion coefficient is not reported for all elements). As no quantitative chemical analysis of the zone-refined lead were carried out, it is difficult to judge if it is really representative of the diffusion of one element or if it is a consequence of other phenomena, like solute clustering. Anyway, our approach indicates that it may not be necessary to introduce a velocityindependent component in the solute drag to interpret these results.
IV. CONCLUDING REMARKS
Even if the model is based on a parametric law between the mean growth rate and the velocity of a highangle boundary, the model offers valuable insight on the influence of solute on grain growth. As it is generally believed, the model predicts that the grain growth evolution could be divided into three stages: a impurity independent stage where the boundary is free of a solute atmosphere and a grain growth exponent n close to 2; a transition stage during which the growth rate slows down and the exponent n is larger than 2; and finally an impurity dependent stage where the boundary is fully loaded and the exponent n again approaches a value close to 2.
The model has been applied successfully on experimental grain growth in zone-refined iron, in aluminum alloys and finally in zone-refined lead. These simulations underline the tremendous effect that minute quantities of solute can have on grain growth, and by consequence, the difficulty to carry out grain growth experiments in a controlled manner and the difficulty to interpret them. [33] ). The simulated curves are obtained by assuming a solute content of 0.14 ppm; the other parameters needed for the simulations are reported in Table II under Case F.
